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Abstract 

This paper concerns with the existence of solitons, namely stable soli- 
tary waves in the nonlinear beam equation (NBE) with a suitable nonlin- 
earity. An equation of this type has been introduced in [S] as a model of 
a suspension bridge. We prove both the existence of solitary waves for a 
large class of nonlinearities and their stability. As far as we know this is 
the first result about stability of solitary waves in NBE. 
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1 Introduction 

Let us consider the nonlinear beam equation 

where u — u{t,x), and W € C^(R). In this paper we will prove that, under 
suitable assumptions, equation ([T]) admits soliton solutions. Roughly speaking a 
solitary wave is a solution of a field equation whose energy travels as a localized 
packet and which preserves this localization in time. A soliton is a solitary wave 
which exhibits some form of stability so that it has a particle-like behavior (see 
e.g. [3] or [5]). Following [3], a soliton or solitary wave is called hylomorphic 
if its stability is due to a particular ratio between energy E and the hylenic 
charge C which is another integral of motion. More precisely, a soliton Uo is 
hylomorphic if 

^(uo) = min{S(u) I C(u) = C(uo)} . 

The physical meaning of C depends on the problem (in this case C is the momen- 
tum, see section [5TT|) . The main result of this paper is the proof of the existence 
of hylomorphic solitons for equation ([T]) provided that W satisfies suitable as- 
sumptions (namely (W-i), (W-ii) and (W-iii) of section [3TT|) . In particular, these 
assumptions are satisfied by 

ifi^ for s < 1 

w{s) = <; (2) 



s 



i for s>l 



Equation ([T]) with W{s) as in ^ has been proposed as model for a suspension 
bridge (see [9], [7], [8]). In particular in |10] and [11] the existence of travelhng 
waves has been proved. 

Observe that u(t, x) — 1 denotes the displacement of the beam from the 
unloaded state u{x) = 1 and the bridge is seen as a vibrating beam supported 
by cables which are treated as springs. The force relative to the potential W{s) 
in ([2]) is given by 



F{s) = -W'{s) = 



-s for s < 1 
-1 for s > 1; 



namely, for s > 1, only the costant gravity force —1 acts; while, for s < 1, an 
elastic force (of intensity 1 — s), due to the suspension cables, must be added to 



2 



the costant gravity force — 1 . Of course assumptions (W-i), (W-ii) and (W-iii) 
are satisfied also by the potential 

W{s) =s-l + e-' (3) 

which has been considered in [TU] and in [IT] as an alternative smooth model 
for a suspension bridge. 



2 Hylomorphic solitary waves and solitons 

2.1 An abstract definition of solitary waves and sofitons 

Solitary waves and solitons are particular states of a dynamical system described 
by one or more partial differential equations. Thus, we assume that the states 
of this system are described by one or more fields which mathematically are 
represented by functions 

u : ^ (4) 

where 1^ is a vector space with norm | • |y which is called the internal parameters 
space. We assume the system to be deterministic; this means that it can be 
described as a dynamical system {X, 7) where X is the set of the states and 
7 : K X X — > X is the time evolution map. If Uo(a::) e X, the evolution of the 
system will be described by the function 

u{t,x) := 7tUo(x). (5) 

We assume that the states of X have "finite energy" so that they decay at 00 
sufficiently fast. 

We give a formal definition of solitary wave: 

Definition 1 A state \i{x) X is called solitary wave if there is ^(t) such that 

7tu(x) = u{x-^{t)). 

The solitons are solitary waves characterized by some form of stability. To 
define them at this level of abstractness, we need to recall some well known 
notions in the theory of dynamical systems. 

Definition 2 A set T C X is called invariant i/Vu e r,Vt G R, 7tU e F. 

Definition 3 Let {X, d) be a metric space and let {X, 7) be a dynamical system. 
An invariant set T d X is called stable, if We > 0, 3^ > 0, Vu e X, 

d(u,r) <<5, 

implies that 

yt > 0, d(7tu,r) < e. 
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Let G be the group induced by the translations in R^, namely, for every 
r G M^, the transformation S G is defined as follows: 

(ffru) (a;) = u(a; - r) . (6) 

Definition 4 A subset T C X is called G-invariant if 

Vu e r, Vt e M^, g^u e r. 

Definition 5 ^ closed G-invariant set T d X is called G-compact if for any 
sequence u„(x) in T there is a sequence Tn G M.^ ^ such that u„(a; — t„) has a 
converging subsequence. 

Now we are ready to give the definition of soliton: 

Definition 6 A solitary wave vl{x) is called soliton if there is an invariant set 
r such that 

• (i) yt, jtuix) e r, 

• (a) T is stable, 

• (Hi) r is G-compact. 

Usually, in the literature, the kind of stability described by the above defi- 
nition is called orbital stability. 

Remark 7 The above definition needs some explanation. For simplicity, we 
assume that T is a manifold (actually, this is the generic case in many situ- 
ations). Then (Hi) implies that T is finite dimensional. Since T is invariant, 
Uq e r =4> 7tUo € r for every time. Thus, since T is finite dimensional, the 
evolution of Uq is described by a finite number of parameters. Thus the dynam- 
ical system (F, 7) behaves as a point in a finite dimensional phase space. By 
the stability of T, a .small perturbation of Uq remains close to T. However, in 
this case, its evolution depends on an infinite number of parameters. Thus, this 
system appears as a finite dimensional system with a small perturbation. Since 
dim(G) — N , dim (F) > N and hence, the ".state" of a soliton is described by N 
parameters which define its position and, may be, other parameters which define 
its "internal state". 

2.2 Integrals of motion and hylomorphic solitons 

In recent papers (see e.g. [3], [2], [4]), the notion of hylomorphic soliton has 
been introduced and analyzed. The existence and the properties of hylomorphic 
solitons are guaranteed by the interplay between the energy E and an other 
integral of motion which, in the general case, is called hylenic charge and it will 
be denoted by C. More precisely: 
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Definition 8 Assume that the dynamical system has two first integrals of mo- 
tion E : X M and C : X ^ M.. A soliton Uq € X is hylomorphic ifV (as in 
Def. has the following structure 

r = r (eo,po) = {u e X I E{u) = eo, C{u) = po} 

where 

eo = min{£'(u) | C(u) = po} 

for some po gM,. 

Clearly, for a given po the minimum of E might not exist; moreover, even if 
the minimum exists, it is possible that F does not satisfies (ii) or (iii) of def. [SI 

In this section, we present an abstract theorem which guarantees the exis- 
tence of hylomorphic solitons. Before stating the abstract theorems, we need 
some definitions: 

Definition 9 A functional J on X is called G-invariant if 

Vg e G, Vu e X, J (.gu) ^ J (u) . 

Definition 10 Let G be a group of tranlations acting on X. A seguence u„ in 
X is called G-compact if we can extract a suhseguence u„^ such that there exists 
a sequence g^ £ G such that (7feU„j. is convergent. A functional J on X is called 
G-compact if any minimizing seguence of J is G-compact. 

Remark 11 Clearly, a G-compact functional admits a minimizer. Moreover, 
if J is G-invariant and Ug is a minimizers, then {gvio \ g £ G} is a set of 
minimizers; so, if G is not compact, the set of minimizers is not compact ( unless 
Uq is a constant). This fact adds an extra difficulty to this kind of problems. 

We make the following (abstract) assumptions on the dynamical system 

• (EC-1) there are two first integrals E : X ^ R und C : X ^ R. 

• (EC-2) E{u) and G(u) are G-invariant. 



Theorem 12 Assume that the dynamical system (^,7) satisfies (EC-1) and 
(EC-2). Moreover we set 

where S is a positive constant and assume that J is G-compact. Then J(u) has 
a minimizer Uq. Moreover, if we set 

eo= ^(uo); po= C(uo) (8) 
r = r (eo,Po) = {u e X I E{u) = eo, G(u) = Po} , (9) 

every u € F is a hylomorphic soliton according to definition 
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Proof. The proof of this theorem is in [?]. Here we just give an idea of 
it. Let u„ be a minimizing sequence of J. J is G-compact, then, for a suitable 
subsequence u„j. and a suitable sequence gu, we get gk'^n^ uq. Clearly Uq is 
a minimizer of J. 

Now let r be defined as in It remains to show that every u e F is a 
hylomorphic soliton according to definition |51 First of all notice that Uq is a 
minimizer of E on the set 

mp„ = {uex\ C(u) = po} 

and hence, according to definition |S1 every u e F is a hylomorphic soliton 
provided that F satisfies (i), (ii), (iii) of definition [51 Clearly (i) and (iii) are 
satisfied. In order to prove (ii), namely that F is stable, we set 

V (u) = (E (u) - eof + {C (u) - cof . (10) 

It can be shown that y is a Liapunov function. Then it is sufficient to apply 
the classical Liapunov theorem. 
□ 



Remark 13 The reader may wonder why we use the functional J rather than 
mimimizing E on the manifold 9Jtp, p € M.. As matter of fact, in general E 
does not have a minimum on 9Jlp; on the contrary, if you choose po given by 
E has a minimum on 2Hpf, . In general, there is a set I of real values such 
that 6 Cz I implies that J given by ^ is G-compact; then for every 5^1, there 
is a p = p{S) such that E has a minimum on ^Xflp(^sy Moreover, if you perform a 
numerical simulations, it is more efficient to minimize the functional J rather 
than the functional E constrained on 2tp(5) 



3 The existence result 

3.1 Statement of the main results 

Equation ^ has a variational structure, namely it is the Euler-Lagrange equa- 
tion with respect to the functional 

^ = i / fi^t- «L) dxdt- f f W{u)dx dt. (11) 



2 . 

The Lagrangian relative to the action (|lip is 

1 



=2 K - - Wiu). (12) 
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This Lagrangian does not depend on t and x. Then, by Noether's Theorem (see 
e.g. [6], [5]), the energy E and the momentum C defined by 

E = J (|^"*-'C)rf2: = i J {u^,+ul^)dx + J W{u)dx 

C = - j {^J^^x^ '^^ ^ ~ J "'""^ 

are constant along the solutions of ([T]). 

Equation ([T]), can be rewritten as an Hamiltonian system as follows: 



dtu — V 

dtv^-d*u~W'{u) 
The phase space is given by 

X = H'^{R) X L^{R) 
and the generic point in X will be denoted by 



(13) 



u 



Here iJ^(K) denotes the usual Sobolev space. 
The norm of X is given by 



lull = (^J {v^+ul^ + u^)dx^ 



The energy and the momentum, as functionals defined on X, take the following 
form 

E{u) J {v^ + ul^) dx + J W{u)dx 
C (u) — — I vUx dx. 



Next, we will apply the abstract theory of section [2] where the momentum 
C (u) plays the role of the hylenic charge. 
We make the following assumptions: 

• (W-i) (Positivity) 3ry > such that W{s) > ijs"^ for |s| < 1 and W{s) > -q 



for |s| > 1. 

(W-n) (Nondegeneracy at 0) W"{Q) = 1 
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• (W-iii) (Hylomorphy) 3M > 0, 3a G [0,2),Vs > 0, 

W{s) < M\s\". 

Here there are some comments on assumptions (W-ii),( W-iii). 

(W-ii) The assumption W"{0) = 1 can be weakened just assuming the exis- 
tence of W"{0).ln fact, by (W-i) we have W"{0) > and we can reduce to the 
case 14^" (0) = 1, by rescahng space and time. By this assumption we can write 

W{s) = + N{s), N{s) = o{s^). (14) 

(W-iii) This is the crucial assumption which characterizes the potentials 
which might produce hylomorphic solitons; notice that this assumptions con- 
cerns W only for the positive values of s. 

We have the following results: 

Theorem 14 Assume that (W-i), (W-ii), (W-iii) hold, then there exists an open 
interval / C K such that, for every 5 e /, there is an hylomorphic soliton ug for 
the dynamical system . Moreover, if Si ^ 62, u^^ 7^ ^u^^ for every g G G. 

Theorem 15 Let ug = {ug,vg) be a soliton as in Theorem \14\ Then the solu- 
tion of eg. {IP with initial data {ug,vg) has the following form: 

uit, x) — ug{x — ct) 

where ug is a solution of the following equation 



d'^ug ^ ^ d'^ug 
dx^ dx"^ 

and c is a constant which depends on ug 



+ W\ug)=Q (15) 



Remark 16 So we get the existence of solutions of fil5]) by a different proof 
from that in ^101 and 111]. We point out that il^) could have solutions which 
are not minimizers. In this case these solutions give rise to solitary waves which 
are not solitons. 

The proofs of Theorem [14] and of Theorem [15] will be given in the next 
section. 
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3.2 Proof of the main results 



By (W-ii), we have that for u 



£; (u) i ||u||^ + J N{u)dx. (16) 



Lemma 17 Let M > 0. Then there exists a constant C > such that {E (u) < M) 
(l|u||<C). 

Proof. Assume that 

E{u) = ^J {v' + ul,) dx + J W{u)dx < M. (17) 

Then, since W{u) > 0, we have that 

(«2 + ul,) dx < M. (18) 
It remains to prove that also 

J u^dx is bounded. (19) 

We now set 

n+^{x\ u{x) >l};nz={x\ u{x) < -1} . 
Then, if holds, by (W-i) we have 

M > [ W{u)dx+ > [ W{u)dx>T]\n+\+r]\n-\ (20) 

where \ denotes the measure of il. Now we show that 

/ u^dx is bounded. (21) 

Set V = u — 1, then, since w = on dfl^ , by the Poincare inequality, there is a 
constant c > such that 

/ v'^dx <c vldx. (22) 

since we are in dimension one, it is easy to check that c < \Vt'^f . 
On the other hand 



v^dx ^~ V v^^dx < \\v\\ ^2(o+) \\vxx\\ L2(n+) • (23) 



Then, since i; it - 1, by ^ and (f^. 



we easily get 



L2(n+) - 2 l^^^l" l|w|!L2(n+) + l^^+l < c(||u||i2(f2+) + ||":Ea;|li2(n+) • 

(24) 

By (UHl) and (gHl) we have 

||u..|lL2(f,+ ) < Vm, < ^. (25) 

By (IMl) and (gH) we get 

,2 fMYu „ /TtAi ,1 



From which we easily deduce (HH). Analogously, w get also that 



u^dx is bounded. (26) 



By (W-i) 



M > / W^(M)da; = / W{u{x))dx+ / Vl^(u(a;))da; > rj / u^dx. 

^ J\u{x}\<i Jn+unz J\u{x)\<i 

So, by (HI]), and the above inequality, there is a constant R such that 

2 f 2 /■ 2 A/ 

u dx = u dx + u dx < h R. 

J\ii(x)\<i Jfiiunz V 

We conclude that J v?dx is bounded. 
□ 



Lemma 18 Let u„ he a sequence in X such that 

E (u„) ^ 0. (27) 
Then, up to a subsequence, we have ||u„||^ — !■ 0. 

Proof. Let u„ = (u„,t;„), u„ e i7^(M),w„ G L^(IR), be a sequence such 
that E (un) — >■ 0. Then clearly ||wn||^2 — > 0. By Lemma flTl u„ is bounded in 
7J^(R) and hence, by the Sobolev embedding therems, u„ is bounded in L°°(IR.), 
moreover for all n we have Un{x) — > for |a;| — > oo. 

For each n let t„ be a maximum point of and set 

u'^(x) = Un{Tn + x), v'„{x) = Vn{Tn + x) , 
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so that 

|<(0)|-max|<|. (28) 

Clearly u'^ is bounded in i?^(R), then, up to a subsequence, we get 

< ^ u weakly in ij2(M) (29) 

and consequently 

£u'., <fu ^^^^^^ ^2^^^^ ^^^^ 



Tiro ncnrt:* 



On the other end, since E (u„) — > 0, we have ^- in ^^(r). Then also 



From (1201) and ([311) we get 



^ ^ in l2(R). (31) 



— -0 



So w e i/^(M) is linear and consequently 

u = 0. (32) 

Now set 

Btj = {a; e R : |x| < i?}, i? > 

then, by the compact embedding H'^{Bji) CC L°°(Bii), by ([Ml) and ([32]), we 
get 

< ^ in L'^{Br). (33) 

By dill) and ^ we get 

II<IIl="(r)-I<(o)I^o. 

So, if n is sufficiently large, we have |u^(a:)| < 1 for all x. 
Then, setting — (u^, w^), by (W-i), we have that 

E «) ^ j{\ {v'^ + (9L<)') + W^K)) dx 

-J {I {-n+i9L<y))+w'n') dx 

>cHf (34) 

where c is a positive constant. 
Since 

i?(u;) = i?(u„),||u:ji -llu„||, 



by (iMl), (EH) we have 



\^n\\x 
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□ 

We set 



uex |C(u)|' 



Eju) . ^\\ur + jN{u)dx 
^ex |C(u)| ~ ^ex \C {u)\ 

Lemma 19 The following inequality holds: 

Ao > 1. 

Proof: For u = {v, u) we have 

|C(u)| < J \vd^u \ dx<(^j dx^ ' ■ (J \d^uf dx^ ' 
< i y 1-2 + i y \d^uf dx 

— — [ dx / UUrrrr dx 

2 J 2 J 

<^ J dx + ^ J ^[u^ + "'J '^'^ 

Then, for every u 

□ 

The next lemma provides a crucial estimate for the existence of solitons: 
Lemma 20 We have 

A* < 1 

Proof: Let U E he a positive function with compact support such that 

ISE^ < i. (35) 

Such a function exists; in fact if Uq is any positive function with compact sup- 
port, U{x) = Uq (f ) satisfies ()35p for A sufficiently large. Take 

By the definition oi X , ur E X . Now we can estimate A*: 
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^\\uf + jN{u)dx ^ ^Hu^f 

* uex 



J N{uR)dx 



|C(u)| - |C(u;,)| 

i / [(i?J7;r)^ + {RU,^,^f + (i?C/)^] da; + / N{RU)dx 



J {RU^Y dx 



dx 



J {RU^Y dx 



J W{RU)dx 
J (RU^Y dx 



< 



1 1 / {U^^f dx J W{RU)dx 

t: + t:— k ^- ^ — t- — (by (W-iii)) 

2 2 / {u,,Y dx J (RU^Y 

1 1 / [Uxxfdx J M\RUYdx 



2 / {U^Y dx J (RU^Y dx 



(by is 



1 1 

< - + - 



M JPYdx 



2 4 i?2-" JU^ dx' 

Then, for R sufBciently large, we get the conclusion. 

□ 

Lemma 21 Consider any sequence 

u„ = u + w„ e X 

where w„ converges weakly to 0. Then 

E{u„) - E{u) + £;(w„) + o(l) (36) 



C(u„) = C(u) + C(w„) + o(l). (37) 
Proof. First of aU we introduce the following notation: 

K{u) —IN [u) dx and Kq{u) — N (u) dx, fl open subset in R. 
J Jn 

As usual u, Wn will denote the first components respectively of u, w„ S 
We have to show that lini \E (u + w„) - E (u) - E (w„)| = 0. By ([16]) we 

n— >oo 

have that 



lim 1^; (u + w„) -E{u)-E (w„) 



(38) 



< lim — 
2 

n— >oo 

+ lim 

n— >-oo 



u + w„||^ - llull^ - ||w„||^ 



{N {u + Wn)-N (u) - N (w„)) dx 
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lim 



u + w,„||^ - llulP - ||w„|P 



If (•, •) denotes the inner product induced by the norm ||-|| we have: 

hni |2(u,w„)| =0. (39) 

n^oo 

Then by ([38]) and (|39l) we have 

limjE{u + Wn)- E{u)- E{wr,)\ (40) 

{N {u + Wn) - N {u) - N {wn)) dx . (41) 
Choose £ > and R = R{£) > such that 



< hm 





< £, / U < £ 


(42) 









where 

= R^ - Br and Br ^ {x eR^ : \x\ < R} . 
Since Wn weakly in (M), by usual compactness arguments, we have that 

Kbr (wn) and Kbr {u + w„) ^ Kb^ (u) ■ (43) 

Then, by (gH) and we have 



lim [N{u + Wn) -N{u)-N (u.„)] 

n— ^oo / 

= lim {Kb- (?/ + tCn) + i^^e^ (ti + Wn) 

- Kbi^ {u) - Kb^ {u) ~ Kb^^ (Wn) - Kb^ {Wn) \ (44) 
Then, by (gSl) and ^ 

lim [N {u + Wn) - N {u) - N {wn)] 

= lim \KB-{u + Wn)-KB'={u)-KB'={Wn)\ 
< lim li^Bc (m + t(;„) - Xs?, (w„)| + £. 

By the intermediate value theorem there are C„ in (0,1) such that 



iKB-j^iu + Wn) - KBj^{Wn)\ ^ / N' {(nU + Wn) udx . 



(45) 



Since Wn is bounded in iJ^ (K) , C„u + u)„ is bounded in L°°, so that there exists 
a positive constant M such that 



\\N'{Cnn + Wn)ho.<M. 
14 



(46) 



By (gil), (gni) and dH]) we have 

\Kbi {u + Wn) - Kb"^ {Wn) \ <M [ \u\ < Me. 
Then, by (??) and (gT]), we get 



lim 



[N{u + Wn)-N{u)-N{Wn)] 



<£ + M ■£. 



Finally by PU)) and (|48l) and since e is arbitray we get 

lim \E (u + w„) - ^ (u) - E (w„)| = 

and so is proved. The proof of ([571) immediate. 

□ 

By lemma [19] and lemma [20l we have that 

A* < Ao. 

So there exist Uq G X and 6 > such that 

S(uo) 



|C(uo)| 

Then we can choose (5 > such that 



< Ao - 6. 



and we define 



Then we have that 



l^l^^jl <A„-- 



j(u) = + 5i;(u) 



|C(u)| 



(47) 



(48) 



(49) 
(50) 



J. := inf J(u) < J(uo) < Aq - -. 



(51) 



Lemma 22 T/ie functional defined by i50\) is G-compact (where G is defined 

by m)- 

Proof. Let u„ — (w„,Wn) be a minimizing sequence for J. Since the G- 
compactness depends on subsequences, we can take a subsequence in which all 
the C(u„) have the same sign. So, to fix the ideas, we can assume that 

C(u„) > 0; (52) 
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thus we have that 

It is immediate to see that E{un) — \ ||u„||^ + j N{un)dx is bounded. Then, 
by lemma [171 l|un|| is bounded and hence, passing eventuahy to a suitable 
subsequence, we have u„ ^ u weakly in X. Now, starting from u„, we construct 
a minimizing sequence which weakly converges to 

u ^0. (53) 

To this end we first show that: 



II L = 



does not converge to 0. 



(54) 



Arguing by contradiction, assume that 



''n|lL° 



0. 



Then, since N{s) = o(s^), there is a sequence of positive real numbers e„ with 
e„ — >■ such that 



, + hn\\i2 ]-J\N{Un)\dx 



C(u„) 



C(u„) 



d^u„ 



L2 



+ m 



n\\L2 



> 



2 

L2 



nllL2 I 2 



d^u„ 



dx^ 



2 

L2 



> 



-in 1 1 L2 



d^u„ 



dx^ 



2 

L2 



in|| ^2 



C(u„) 

And hence 

On the other hand by ([5T 



C(u„) 



(! — £„)> (by definition of Aq) 



> Ao(l-£„). 
J(u„) > Ao(l-£„). 



lim J(u„) < Ao - -. 



(55) 



(56) 



Clearly ([5^ contradicts ([55]). 

So ((54)) holds and consequently there exist 5 > and a sequence Xn such 
that, up to a subsequence, 

|M„(a;„)| > b. (57) 
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Now we set 

Un(a;) = u„(x + x„), u'„{x) = M„(a; + x„). 

Clearly also u^(a;) is a minimizing sequence, moreover, by ([57)) . 

|<(0)| > &. (58) 

Since, up to a subsequence, u'„ ^ u E X weakly in X, we have, by standard 
compact embeddings results, that 

< ^ w in i°°(-l,l) 

where u denotes the first component of u.Then by (|58p we have u ^ and then 
u ^0. So ((55)) is proved. 
Now set 

with Wn weakly in X. 

We finally show that there is no splitting, namely that Wn — > strongly in 
X.To this hand first we show that 

C(u + Wn) does not converge to 0. (59) 

Arguing by contradiction assume that C(u + Wn) converges to 0. Then, since 
u + w„ is a minimizing sequence for J, also E{u + Wn) converges to and then, 
by Lemma [m we get 

U + Vfn^OmX. (60) 

From (pO)) and since w„ ^ weakly in X, we have that u = 0, contradicting 
(|53|) . So ([59| holds and, passing enventually to a subsequence, we can assume 

C{u + vf^) >d > 0. (61) 

By lemma [211 we have 

£;«) = E{u + w„) = E{u) + E{wn) + o(l) 

and 

C«) = C(u + w„) = C(u) + C(w„) + o(l) > (by dS!])) > 5 > 0. (62) 
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Then 



J, lim J«) = lim + ,5^«) 



Eju) + g(w„) + o(l) 
C(u) + C(w„)+o(l) 

i;(u) + i;(w„) 



5S(u) + (5£;(w„)+o(l) 



C(u) + C(w„) 
^(u) + Ejw^) 

|c(u)| + |a(w„)| 

E{u) E{^n) 



= lim 
= lim 

> lim 

> lim 



Now we consider two cases: first case ,^^[-1 > ,^^^"1. ; then 

|C(u)| — |C(w„)t ' 



J* > lim 



ic(u)nc(w„)i 

:st case 
E{w„) 



SE{u) + SEiwr 
+ dE{u) + dE{w^) 

+ SE{u) + SE{wn) 



SE{u) + 6E(wn) 



|C(w„)| 

= lim [J(w„) + 6E{u)] > J, + 6E{u) 

This case cannot occur since it implies 6E{u) < and this contradicts ([5 
Then we have that 

E{u) ^ £;(w„) 



< 



In this case 



J* > lim 



|C(u)| |C(w„)|- 
E{u) 



+ 5E{u) + 6E{wr,) 



|C(u)| 

= lim [J(u) + 5E{-Wn)] > J* + S\imE{wn) 



Then 



S\imE{wn) < 0. 
Then by Lemma [18] and (|63l) we have w„ — ?> strongly in X. 

a 



(63) 



Proof of Th. 1141 We shall use Theorem [T2] Obviously assumptions (EC-1) 
and (EC-2) are satisfied with G given by dH). Then by lemma [22] and Th. [I2l 
we have the existence of soliton solutions. In order to prove that they form a 
family dependent of S, it is sufficient to prove that 5i ^ S2 in the definition (jSO]) 
of J implies u^^ 7^ ^u^^ for every g £ G. We argue indirectly and assume that 

= gug^ for some g € G. Then 



\C{gns,)\ 
and so, since gus.^ = us^^ 
Eigus.J 



= 



\Cigus,)\ 
{62 - Si) E{us,) 



+ S2E{gus^) 



+ 62E{gus,) 



Ejus,) 
\CM\ 

Ejus J 
\CM\ 



+ 5iE{usi) 



6iE{usi] 
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Then, since Si ^ 62, E{us-^) = and so u^^ = 0, which is a contradiction. 
□ 



Proof of Th. [m Since ug = {us,vs) e X = H"^ {R) x L'^ (R) is a minimizer, 
we have J'{us) = O.Then 

namely 

{Cius) + 6C{us)^) E'ius) = E{us)C"ius). 

Since, by ([5^ . C(u5) > 0, then C{us) + SC{us)'^ > 0, and hence we can divide 
both sides by C(u^) + SC{us)'^ and we get 

E'{us) = cC'ius) (64) 

where 

E{us) 



' C(U5)+JC(U5)2- 

If we write exphcitely, we get for all 1^9 G ij2(R) and all e ^^(I 



namely 



and so we get 



dlusdli^ + W'{us)ip = c J vsdx^p 



d^us + W'{us) = -cdxvs 
vs = cdxus 



d% + c^dlus + W'{us) =0 
Now. we can check directly that 

u{t, x) = us{x — ct) 

solves equation ([T]) with initial conditions {us{x),-'cdxUs{x)) . 
□ 
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